Goal: motivose stacks o desiable notons o modh
(Fom Ainceorial, groupord, &tole perspectives)
Moduli
X ¢ mothemasical objects of neerest.
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But oll vorieties have some ordwaliey, so by's don't tell ws much.

2¥How to improve the notion of moduli?
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Imprwmm-. # 1 poduli s Punceors

Q. Wl\\, Funceors ?
(0 To contsan more 'In‘Pbmocum, desirable o hove dato. Ror ol bose
N\J &Illm;k ﬂs 'Pbr euh morlakll'w\ "/4; La@es

®) ES,..a..l kind of Punctors rernesmeo.lale Functors
Wr. Con ko'e, owr moduh -Amctu- 1s n:':mueoue.

Recall: F: Sch™— See 1 repraseatable # X €Sh: F b = Hom (-, X)
(‘m which coce, such X s wn%ue)

Remock. X € Sch con be 1dentrhed o l\xeFaf.(gd.", Seg)
by the Yonedn embeddng X < Fun (Sch?, Set).

= TLQ. Cl“s dF Modul‘. 'chcprs enlu-jcst‘le. c‘oss oP sc:‘\emesl

(Hortshorne  T.7.1)
@ (Grossmamon) Fix 0 < k<.

108 - & ~k k}/~ 2 Hom (S, Gr(s, k)

&)} (H.,... s&.e,..e) Fix  schemes X, Y projective  over Srecz with X Floe.

Homs (X %S, Y xS) 2 Hom (S, Hom(x, )

(b More general version of  Grosmovion, Hilbert, Quot schemes in Choper 1)
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(moduh Rurctor of smooth curves of genus 3)
FMs : Schf — See

S {5"“ poper T—=S se

Nlhlmmmn.:wwscggms /’Us_,'m
(=fuily of curves)
(s=8) = (R, s)—> Fay (1)
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L F“) represeneoble ?
T B, supoe e 75 represencalle by scheme M. (F“‘s "=‘.hM))

FMS (Mj) % Hom (M)n MS)
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Plugs'ms S = Spe:(k)
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Let's owa.‘ya: what  obstruces FM, From Lems nanto.ue

i\-’& k als closed ‘P‘lelcl, F: Sch:r—‘ See ‘Au\ce»

Surfose, 33 Mﬂn,/k' E,GF(S)

e { @) Vs € Sl = Hmk(Sre:Ck), S) P €, =e € F(k) TAJOrQNLM-. o s
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Tl\eo\ F s not N.Presenmue.

é‘ Assuve F = Hom (—, X)_

Vie S0 Spel) == 5 2. x
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Lee e() = x €X. (cloed pt)
€(s) € e =

=g ({ closed ,.,}) {“3
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A|so ftw sulnc)mm on {l} S x [£3 Sfec (k) so

S—=X s S — Spell) =, x.

€ € F(9) rum!w:ll. of « e Flk) contradicuion,



Clam Fu, 7 noc represenced by o nclmme/k=r‘
B I Fu @hy Rr sowe XeSh,
Sch? — S 2 Sec olso repremeed by X € Sy
()
So sdtea w shew Sch — Set mec  represancable.

curve C'/,,~ ot gows g with nen—trvial e&GM(C)‘

N = 1P wh 0, 0 glued together (rodel cubic curve)

Take eival Reiy x5 CxP' > P ond ghe =(0), =()
Vie o o get o new 'km‘lly o curves =i € = N.
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The voriety Njf & [t— N] e F"‘.s (N)  sotishes the
conditions  n Pfop : {o.“ Pibers o T —N we C = (o)

C—N 1 nt a tivia -f-mllsl = ()
So Ly Pmr, FM’ s not ml:ftmfa.ue

Ups‘m; Non —teivral “‘“’""'r"”"; provide an  obstnction on

representalbihey o moduli  Puncers.

Thus, mprove owr notien of moduli, we ned 0 incude e daeo of mmrfhsns.
(i‘e. moke & close to Le‘v\s n'xwenue)



Imrm:.e #2 . moduli as stadks

Condidne  or aJd'u\o mm-,:}ﬂs-n doto.: Fi Schf — erfouls

(T = Fowr)

FN“T = 3.-0..'»".& sxt. obJec-(a e Panilies over T (unt’\oue t-klas Tso clomses)
ond morr'ﬁms are Tso Vt Fomilres

This  construction s not so clean b/C:

m G'I'nufou'ls s & “2-cau9m7’, ( o_rrlnsns l’/t morplﬂ:ms
Ve ? 2 merphiems
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S"=s'"S : Fe Fly) + F(y-4)

( notural Tsnmorr'mm L/t these -Rmaep.:

Fb«s—" Fbms,. but mwwo.lly hove = $ix Hm)

= F 5 not even o Panctor (Lut 'S rmcle-‘kmctor)

So Tt\stgo.a, we encode 'l:'\e wtomorr,nsw\
Con:erucelon :
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" funceor X > Sh (ae Famg )—~S)

=% (Mod\.li stack of smeoth curves of genus 5)

ol:]gm: :bwu'nly of cuves C =S
cotagory Ay {

~

"-lulz

merphins + (T =) = (T —5) =

Vel

el
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Do (e proce)
pestack % Rumceor p: L = Sch s, pullbacks
stack = preceadk se. Tghing (b shead)
Remock. < The  fber cnteqry X(S) consires of objects over S ond

mor,;lasms over il

ds. IP X 15 buwle From Smro‘-ds FMS as
aboe construction, X (S) = Fom,.

@ (moduli Ruceor as moddi  seack)
Any modili Paceor  F i Schf — See can be tdemtiPied os
o modull stack os Rllows :
Ob(Xr) = {(s, o) Sesh, acFm}
Mer (5.9, (541) = 57 20s] a =]
Alo the growpord Xe (S) only has Tdererty  morphisms.

= Tlve Clm vP madull s*bc‘:c en'w-au H\e c‘m UP modull ‘Pw\ceors,
GA\J moreover Me&al‘: 'gmchrs ore St@ch \Aﬂth ne nM‘MVIAI

owtom orP}nms .



w‘t\’ Jo we use ’et&lc tsro‘o,y ?

étole mur'ﬂsm = 'ocn.' tl'n#eomrrhms (_71\ difp joo)
W more etale nbhds than Zosski open nbhds
Ee Co oyt = xr(an)
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