
Goal:motivate stacks as desirable notions of moduli

(from functorial, groupoid, etcle perspectives

Moduli

Ximathematical objects of interest

Ref. Amodulispace over Xis a space M such that

Epts ofMy Sequir, classes ofMy

Ido goo, these typically have structures of varieties/schemes.

Ex. (17 Elines in AR passing through origin <-> IP

12) 9(<1P- deg curves/
pro)equir

2- Jproequiv

=>
-

qcAut(1P2) s.t.
=>

Sp(0, y, 2) deg d hama polys]/PGLa(K) ( 1pz /p2 I-
IP (Symd08(n)/Aut (1p-) -

Butall varieties have same cardinality, so big's don'ttell us much.

Q. How to improve the nation of moduli?
->

-

Ex.
Let[sm proscanawesome visonsee
and

suppose Mg is a scheme.

Dish Ug -> My Sitcurve%/, thatcorresponds to see Ms:

(sunivers'e) C =(Ug)x X1x)"



Improvement#1:moduli as functors

2. Why functors?

(a) To contain more information, desirable to have data for all base

and pullback maps for each morphism by bases

(b) *Special kind of functors:representable functors

We can hope our modulifunctor is representable.

Recall:F:Schip- Setis representable if XeSch: F =hx =Hom)-, X)

(in which case, such Xis unique)

Remark. X eSch can be identified as hye Fur (SchP, Set

by the Yoneda embedding X + Fur (Schop, Set).

=>The class of modulifunctors enlarges the class of schemes!

Representable functors are prevalent in all geo.

Ex.

GCC, sa, ..., sill...3/ = Hom (S, IPE)

(Hartshorne #. 7.1)
(2) (Grassmanian) Fix 0 <k <n.

90-arank 1]/- Hom(S, Gr(n,kI)

(3) (How scheme) Fix schemes X, Y projective over SpecEwith X flat.

Homs (Xx 5, 4 x 5) =Hom(S, Fom(x, y))

Lot. More general version of Grassmanian, Hilbert, Quot schemes in Chapter 1)



Ex. (modulifunctor of smooth curves of genus g)

Fmg:Sch8- Set

S -> Ssuppere-S is of genus S/rsvison
I =familyof curves

(S'-5) I(Fmg(S) -> Fmg (S'))

[e+S]122x,5-s]

a. Is Fig representable?

#If itis, suppose itis representable byscheme Mg. (Fmg Enms)

Fig (Mg) =Hom (Mg, Ms)

[Us-Mg] 15+) idmg CUS:"universal family")

Ve -s familyof curves:Ets -> MgS.7.Firs
Plugging S =Spec (K)

=>gaurres /1.3) 9k-valued points on Mg3
C I (Spe(k) -x)

&c =(us(x X(x)k
so our wish from p-1 is granted! -

Eact. Unfortunately, Fimg is notrepresentable

(so everything in % is false)



Let's analyze whatobstructs Fing from being representable.

Erop. I also closed field, F:Sch.- Setfunctor.

Suppose IS variety /k, ECF(s)

5.t. \
(a)

F
cS(li) =Ham, (Spec(k),S):E, =F(k) independentofs

(b) I nota pullback of
any elt in F(k)

(vias-Spec(k))

Then Fis notrepresentable.

p Assume F =Hom (- , X).

VstS(k):Spec(K) - -X
*7

22e(.) =xtX.(cosd(t)
a(s) isagoodsposy)Fz=a
Also reduced subscheme on Exc] -X is Spec(k), so

5- X splits S ->Spec(K) -> X.

EcF(S) pullback of CEF(k), contradiction.
*



#laim. Fing is notrepresented by a scheme/ k=
1. If Fmng = hxfor some X CSchn,

Schipp -> SchOEsSetalso represented byXC Sch.

(forgzzfle)

So suffices to show Schi-Setnotrepresentable

Now take curve %
ofgenus with non-trivial <-Ant(C)

*

N =10), with 0, a glued together (modal cubic curve)

Take trimal familya:(x1p'-1p' and glue z"(0), 5(0)

via & to geta new familyof curves (ie ->N.

j;35, - -
a! x!

& & 1-&N
⑧ as

The varietyN/1 & [t-N] - Fig (N) satisfies the

conditions inProp:

all
fibers ofe-Nae C => (a)

I -N is nota trivial family> (b)

So byProp. Fing is notrepresentable.
-,

UpshotNon-trivial automorphismsprovide an abstruction on

representabilityof modulifunctors.

Thus, to improve our notion of moduli, we need to include the data ofautomorphisms.
(i.e. make itclose to being representable)



Improvement #2:modulias stacks

Candidate for adding automorphism data:F:Sch-Groupoids
(T1-Fanz)

Fam =graupoids.t. objects are families over thantaking iso classes)
and morphisms are isob/ families

This construction is not so clean b/c:

1) Groupoidsis a "2-category" (Emorphismsbemorphsare(2)V("IsS:F(f) - F(g) +F(g - -)

(naturalisomorphisms these functors

Fams-Fans, butmanuallyhave to fixthem
=> Fis noteven a functor (buta pseudo-functor)

So instead, we encode the automorphism data in a massive category& over Sch.

Constructioni

·

category&

↓objects:
elts of5 Fams

morphisms:If at Fans and be Fame, morphism a +b is

f:s-Ttogether with isomorphism a Ef*b.
· functor - Sch (a <Fams 15)

Ex. (moduli stack of smooth curves of genus g)

category Ms objects:
familyof curves e -> s

2-z
morphisms:(2-5) -(2 - s) = ↓

s
with functor M -Sch((2 -9) +5)



Bef. (notprecise)

prestack =functor p:-Sch St.

E:

pullbacks

stack =prestacks s.t. Elgluing (ofsheaf)

Remark. (1) The fiber category(s) consists of objects over 5 and

morphisms over ids. If & is builtfrom groupeids Fams as

above construction, (S) =Fams.

(2) (modulifunctor as modulistack)

Anymodulifunctor F:Schp-Setcan be identified as

a modulistack as follows:

Ob(77) =9(S,c)/StSch,ceF(ST}
Marzz) (s,c),(s,,3)) =25's/a =f*b}

Also the grenpaid Zz(s) onlyhas identitymorphisms.

=> The class of modulistacks anlarges the class of modulifunctors,
and moreover modulifunctors are stacks with no non-trivial

automorphisms.



Whydo we use stale topology?

Etcle morphisms = local diffeomorphisms (in diff goal

(1) more Etcle nblids than Zaviskiopen ablds

Ex.Ciyz =x-(x- 1)

C:Speck(x,y,z]=/(y2- x3 +x,z2- x +1) (taking square rootofx- 1)

=>C-C reducible etcleabld (y"-2,3 +x= =(y - x+)(y +xz))
(2) Ezale cohomology

(3) Artic approximation

(4) Descent

Hierarchyof objects of interest Schedule

schemes] Time Material

1

Salgebraic spaces Ctrivial Ant) Feb- Mer Ch2-3

( r Apr Ch4

& Daligne - Mumford stacks (finite Ant) May-mid June Ch5

1 late June - AngCh 6-4

↓
Galgebraic stacks] (infinite Ant) end of Any special topics

1

[stacks]

defined with representability
conditions


